The extremely low frequency propagation associated with Schumann resonance phenomena are calculated numerically by the frequency-domain finite difference method, and distribution of source lightnings is identified by solving an inverse problem using the computed spectra as a set of basis functions. The finite difference equations are formulated in terms of discretized magnetic fields in the Cartesian coordinates adopting a cylindrical shell cavity for simplicity. The most reliable electron and neutral density models in the atmosphere and the ionosphere can be used to take into consideration propagation losses. The inverse problem already developed is applied to the measured data to reconstruct lightning activity distribution as a function of distance from the observation point. The reconstructed data successfully show the lightning active season, time, and distance, which are reasonable in comparison with the earlier reports.
Introduction
The final goal of our study is to establish a method to draw the world map of lightning activity by observing Schumann resonance spectra at a few ground observatories. As the first step, this paper treats with the reconstruction of the lightning distribution as a function of distance from the observation point, by solving an inverse problem.
Schumann resonances are resonant phenomena in the extremely low frequency (ELF) band in the cavity which consists of a global spherical shell between the earth's surface and the ionosphere (1) (3) , and the resonant frequencies are about 7, 14, 20 Hz, and so on, which correspond to the first, second, third resonant frequencies, respectively. Schumann resonances are observable all over the world, and the spectra depend mostly on distance between the source lightning and the observation point. In other words, the measured ELF spectra have the information about the sources and the propagation paths. The use of Schumann resonance for the lightning world map takes much less costs than the use of satellites in respects of observation, maintenance, and so on.
There are two important things to be developed, in order to accomplish our purpose. The one of them is to calculate precisely the response from lightning sources, and another is to recover properly the source distribution over the earth's surface from observed data.
So far, the calculation of Schumann resonance was based on the conductivity profile with sharp boundaries, e.g. the two layers model (2) , and the profile is assumed to be uniform all over the analysis region. This * The University of Electro-Communications 1-5-1, Chofugaoka, Chofu 182-8585
conventional method had the advantage to calculate the response quickly, with loss of realistic simulation.
In this paper, we calculate observable Schumann spectra by the frequency-domain finite difference (FDFD) method, which makes it possible to introduce realistic profiles, and we utilize the International Reference Ionosphere 2000 (IRI 2000) (4) (5) and the mass spectrometer incoherent scatter extended (MSISE-90) model (6) , as widely accepted electron and neutral density profile models. As a result, we can automatically include the location dependence and the day-night asymmetry of electron density profiles, which have not been considered by the earlier analyses. The time-domain finite difference method (FDTD) is not appropriate for the present problem because the launched waves propagate for long time in the closed region. This paper treats with a cylindrical shell cavity with as large radius as one of the earth, instead of a spherical one, because of the lack of our computation resources for full 3-dimensional calculation.
The second problem, that is, reconstruction of the lightning source distribution from the resonant ELF spectra, was developed by A. V. Shvets whose method was based on the model with sharp boundaries (7) . In this paper, we adopt his method entirely, but with the results calculated by the FDFD method, and apply the presented approach to observed data in order to identify lightning activity regions.
Finite Difference Method

Derivation of Finite Difference Equations
The geometry and the coordinates for our analysis are taken as shown in Fig. 1 . It is assumed that the geometry is uniform along z-direction. The simplification of a spherical shell cavity to a cylindrical one causes the difference of the eigenmode functions; that is, the cylin- The analysis region is discretized by ∆x and ∆y along x-and y-direction, respectively. The current source with the length ∆l and the intensity I is located near the surface of the inner conductor. Thus, the source is expressed by
In the present configuration, only TE mode to z-axis is excited; that is, E x , E y , and H z are nonzero components. Thus, the problem is formulated in terms of H z :
where k is the wavenumber in the medium. Assigning the components on staggered points of cells as Yee's algorithm (8) yields the finite difference equations of the Helmholtz equation, i.e. Eq.(2):
where k 0 and δ m,n are the wavenumber of light in vacuum and the Kronecker's delta, and the source is located at the point (i, j) = (0, s). The electric field is given from the obtained magnetic field as follows:
The absorbing boundaries are not necessary if we keep sufficient altitude in the analysis region, because electromagnetic fields at the Schumann resonance frequencies under consideration are reflected and dissipated enough by the ionosphere, as shown later.
Conductivity Profile
The cavity of Schumann resonances is dissipative, and the losses are due to collision among charged and neutral particles, and are characterized by the conductivity. In the lower atmosphere, the contribution to the conductivity is mainly by ions (9) . The conductivity profile in these regions is well modeled by
where z is the altitude in kilometer, and
We use this model at the altitude lower than 60 km. Above there, the electron has the dominant contribution to the conductivity. In this region, the medium is characterized directly by the dielectric constant:
where ω pe , ω, ν en and ν ei are the electron plasma frequency, the angular wave frequency, and the collision frequency between electrons and neutral particles, and between electrons and ions, respectively. ν en and ν ei are given by
, · · · · (9) where N N 2 , N O 2 , and N O are the concentration (in m −3 ) of N 2 , O 2 , and N O , R e is T e /(300 K), and T e is temperature of electrons in K, respectively. The concentrations and temperatures of electrons, ions, and neutrals are given by the IRI model (4) (5) (13) (14) , and the MSISE-90 model (6) . The temperature of electrons is assumed to be equal to the one of neutrals in the ionospheric Dregion (below 90 km).
The electron density profiles depend on latitude, longitude, and time. The choice of them in 2-dimensional computation is taken from the concentric circle path with the earth to connect a source point with a observation point, as shown in Fig. 2 .
It is possible to choose an arbitrary location of lightning sources and arbitrary time and date to calculate Schumann resonances by introducing the ionospheric condition calculated by these models.
Numerical Results
Some numerical examples are shown here. The observation point is assumed to be located at Moshiri, Hokkaido, Japan (44
• 20 N 142
• 15 E) where we have actually been measuring the Schumann spectra for the last 5 years, and the assumed source point is located at 1
• N 25
• E (near Kisangani, Democratic Republic of the Congo), where it is known as one of the most active region of lightnings. Fig. 3 shows the amplitude of calculated magnetic field distribution on 5:00UT, March 14, 1999, as a grayscale map. The indicator is shown in the side of the picture. The source is located on the top surface of the earth in this figure, and the observation location is pointed by the arrow. The outer broken line stands for the outer boundary of the analysis region which is assumed as a perfect conductor. The latitude and longitude of each point is written, and the left side of the earth is night on this The frequency used in this calculation is 5.5 Hz which almost corresponds to the first resonant frequency in this resonator, as observed from Fig. 3 . It is evident from this figure that the absorbing boundary condition is not necessary in this analysis because the fields decay rapidly at the altitude of about 80 km, and the reflection at the outer boundary do not affect numerical results. The day-night asymmetry is taken into account by introducing the realistic electron density profile models. Actually, we can observe the difference of the altitude of the lower boundaries of the ionosphere, between dayand night-sides.
Source point
Wave propagation
Observation point
Measurable field is the one on the earth's surface. Thus, Schumann resonant spectrum is obtained by collecting the surface field at the observation point with sweeping frequencies in the computation. Fig. 4 shows the calculated frequency characteristics of magnetic fields generated by lightnings with constant intensity at 1
• N 25 5 shows the responses with a fixed distance between the source and the observation, but with different ionospheric condition. The solid line indicates the numerical result from Congo, using the ionospheric parameters at 0:00UT, March 14, 1999, and the broken line does the one from another source located at 47
• N 135
• W at the same time. We also plot the result from Congo at 8:00UT on the same day, by dots. It is seen from the figure that all results are slightly different from others.
Reconstruction of Lightning Distribution
Computing resonant spectra from arbitrary source points on arbitrary time allows us to reconstruct the lightning distribution by solving an inverse problem from measured data. In this section, we describe the reconstructing method and apply it to measured data. Although it is much more preferable to reconstruct the distribution fully over the entire earth's surface, we here consider only the distance between the observation and source points, that is, 1-dimensional distribution, because we observe in previous section that the spectra calculated with the same distance, but different location or time, have an extremely small difference, or little orthogonality, which makes the reconstruction quite difficult.
In order to utilize the computational results in the previous section as a set of basis functions for the inverse problem, we assume that the difference between the resonant modes in cylindrical and spherical shells appears only in the frequency, so that we shift the frequency of computed results, f 0 [Hz], to the spherical one, f [Hz] subject to the experimental formula derived from the computed and observed ones:
The validity of the formula is verified by comparing the resonant frequency differences between calculation with loss and lossless one.
Inverse Problem
Our problem is to reconstruct the lightning distribution ranging over the observation point through the antipodal point on the earth. This inverse problem was formulated and already well examined by Shvets (7) . Here we follow his method except the set of basis functions, and, thus we describe it briefly.
We divide the region (20Mm) by N with the interval ∆ = 20/N [Mm], and let the response of magnetic fields from the i-th region lightning be h i (f j ), where f j 's are discretized frequencies, and we define
. The square of a measured response, b(f j ), is assumed to be a linear combination of A i (f j ) with coefficients x i 's which correspond to a mean intensity of lightning over the i-th region. Thus,
which is rewritten into a matrix form:
where
where M is the number of frequencies of measured data, and the discretization and the number of frequencies are determined by the measurement system, and the superscript T denotes transpose. In order to find the solution, introducing Tikhonov's regularization yields the smoothing functional, Π(x) (7) (15) :
where α and Λ(x) are, respectively, the regularization parameter and the stabilizing functional which is chosen as follows:
The solution is given from the condition that the gradient of Eq. (13), that is, A T · (A · x − b) + αx, vanishes in the sense of the nonnegative least square (7) (16) . Remaining is the choice of the regularization parameter, α, which is determined empirically in the present study. The discretized frequencies are taken every 1/4 Hz, in our measurement system, and we assume that the data from 5.0 Hz to 24.0 Hz are reliable because atmospheric noises are dominant at less than 5.0 Hz, and resonance peaks become very small at a frequency more than 24.0 Hz, as a result, M = 77. Moreover, we set the division N = 40, that is, ∆ = 0.5 [Mm] . We examined that it is appropriate to choose α = 4 × 10 −16 in this case.
Application to Measured Data
In this section the reconstruction method is applied to the real data which were measured at Moshiri(44 • 20 N 142
• 15 E), from March through December, 1999. The measurement setup is described in the Ref. (17) . The parameters to obtain the inverse problem solutions are : (18) . The electron density profile in the ionosphere is assumed to be uniform all over the earth, and we used the one of the observation point.
The observed data include many noises which affect the reconstructed lightning distribution. Thus, we take the average of the reconstructed data over the month. The calculated results are shown in Figs. 6 and 7 as color maps of daily (averaged) variation. The unit is arbitrary because the measured data are not normalized. The measurement system was sometimes interrupted by some troubles, so that we subtract the data on the day when the system was down. The number of the day with available data are indicated by n in the caption of each figure and the result on November is not shown because only 2 days data are available.
It is observed that there are two main regions where the lightning activity is strong at about 5 and 13 [Mm] over almost all observation period. The one at 5 [Mm] is identified as the lightning distributed around the SouthEast Asia because of distance from the observation point and the active time (about 8:00UT), and another is the one mixed with the American and African regions for the same reason (Active times are about 15:00UT at Africa and 23:00UT at America). Seasonal variation of active lightning region is observed such that on March, April, and December the active region ranges about from 13 [Mm] to 16 [Mm] , and on May through September, on the other hand, the one from 11 [Mm] to 14 [Mm] becomes active. It seems that the lightning activity is located mainly in the northern hemisphere on May through September, but the distribution moves to the southern one on another half of year. It is also quite reasonable that the result on August shows the strongest activity.
All data show that the strong values appear about at 0 and at 20 [Mm] . It seems that they do not necessarily indicate the existence of active lightning regions. Two reasons are considered. The one is that these are the results reconstructed from noises because the spectra from those regions are much more flat and smaller than others, and it is convenient to express white-or 1/f n -noises in terms of the spectra with large coefficients. Another reason is that, by using those spectra, the reconstruction algorithm compensates the difference between the resonant spectra of the cylindrical shell and the one of the spherical shell.
In order to compare the present results with another type of observation, we draw the reconstructed lightning 30UT. It is observed that the one of the active regions by our result shows a good agreement with the LIS results. Our result shows that there is another active region at the same moment. Though the statistics is not taken, our results appear to agree well with the LIS results in most cases of very active regions, e.g. ones in the North America and Asia on July, and the discrepancy in location is mostly within about 1000 km, and at largest about 2000 km. The improvement will be our further study.
Conclusion
The finite difference method for Schumann resonance analysis has been developed in the simplified cylindrical shell cavity. The atmospheric and ionospheric parameters are derived from IRI 2000, and MSISE-90 models, to calculate realistic Schumann resonance spectra. The numerical results show that the different propagation paths cause slightly different spectra, and there exists daily variation of the spectra even from the same source. This conclusion suggests that our calculation includes the day-night asymmetry of the ionosphere.
The identification of lightning activity distribution has been successful, and the distribution is obtained with respect to distance from the observation point. We have applied the present method to the observed data at Hokkaido, Japan, and the recovered results show some reasonable characteristics: 1)two active regions exist at a distance of 5 and 13 Mega meter from Hokkaido, Japan, 2)the latter one moves prominently nearer in the northern hemisphere summer, and farer in the winter, and 3)by the active time and the distances, the former one is identified as South-East Asian region, and the latter one is likely to be a mixed response from Middle America and Africa. The comparison with the LIS results shows an excellent agreement in respect of lightning location.
Inclusion of data observed at different sites will increase preciseness of the inversion and allow us to identify exact points of lightning active regions.
(Manuscript received Feb. 16, 2004 , revised June 7, 2004) 
